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Abstract. A class of nonconvex minimization problems can be classified as hidden convex
minimization problems. A nonconvex minimization problem is called a hidden convex mini-
mization problem if there exists an equivalent transformation such that the equivalent

transformation of it is a convex minimization problem. Sufficient conditions that are inde-
pendent of transformations are derived in this paper for identifying such a class of seemingly
nonconvex minimization problems that are equivalent to convex minimization problems.

Thus, a global optimality can be achieved for this class of hidden convex optimization
problems by using local search methods. The results presented in this paper extend the reach
of convex minimization by identifying its equivalent with a nonconvex representation.

Key words: Convexification, Convex optimization, Global optimization, Hidden convex
optimization, Nonconvex optimization

1. Introduction

We consider in this paper the following optimization problem:

min g0ðxÞ
s.t. giðxÞObi; i ¼ 1; . . . ;m

x 2 X

ð1Þ

where gi : Rn ! R; i ¼ 0; 1; . . . ;m; are second-order differentiable functions
and

X ¼ fx 2 RnjliOxiOui; i ¼ 1; . . . ; ng: ð2Þ
Without loss of generality, we assume 0 < li < ui for i ¼ 1; . . . ; n:
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If all giðxÞ; i ¼ 0; 1; . . . ;m; are convex functions, problem (1) is a convex
minimization problem whose local minimum is also a global minimum. A
very natural question to ask is what are the nonconvex situations of (1)
where a local minimum is also guaranteed to be a global minimum.
Convexity plays a central role in mathematical economics, engineering,

management science, and optimization theory. One main reason behind its
wide applications and cross-board success is that the convexity is a suffi-
cient condition for ensuring that a local optimal solution is also a global
one. Convexity, however, is not a necessary condition for a local minimum
to be a global one. In the real world, the problems that present a convexity
may only cover a small percentage of a large population. Therefore,
researchers have been exploring the situations where the convexity condi-
tion can be relaxed to certain degree, while at the same time some nice
properties similar to those enjoyed by convex functions are preserved. The
convexity has been extended to various forms of a generalized convexity in
the literature [1, 8]. Examples of the generalized convex functions include
pseudoconvex functions, quasiconvex functions and invex functions [3].
Optimality and duality for generalized convex functions are investigated in
[6].
Horst [4] discussed convexification of nonconvex functions that can be

transformed into convex ones using either a range transformation or a
domain transformation. A convex range transformable function must be
also quasiconvex. Ben-Tal and Teboulle [2] considered a singly and qua-
dratically constrained quadratic problem and proved that, under certain
conditions for simultaneous diagonalization, the dual of the dual problem
of the primal problem leads to a convex problem which is completely
equivalent to the nonconvex primal problem. Ben-Tal and Teboulle [2] also
showed that a special problem of minimizing a concave quadratic function
subject to finitely many convex constraints is equivalent to a minimax con-
vex problem. Recent results in [5] revealed that via an equivalent transfor-
mation using a pth-power method a monotone nonconvex optimization
problem can be always converted into an equivalent better-structured non-
convex optimization problem, e.g., a concave minimization problem or a
D.C. programming problem. A general theory of convexification transfor-
mations was further developed in [7] in the context of monotone global
optimization.
The primal goal of this paper is to identify a class of seemingly noncon-

vex optimization problems that can be converted into equivalent convex
minimization problems. Problem (1) is called a hidden convex minimization
problem in this paper if there exists an equivalent transformation such that
the equivalent transformation of (1) is a convex minimization problem.
Sufficient conditions are derived in this paper to identify such hidden con-
vex problems. One prominent feature of the results in this paper is that
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these derived conditions are independent of transformations. A global opti-
mality can be achieved for hidden convex minimization problems by using
local search methods. The results presented in this paper extend the reach
of convex minimization by identifying its equivalent with a nonconvex rep-
resentation.
This paper is organized as follows. In Section 2, we state a basic theorem

that reveals an equivalence between certain hidden convex function and its
convex counterpart. In Section 3, we give the equivalence of a primal hid-
den convex problem and its transformed convex programming problem.
Then we obtain some conditions under which a programming problem is
hidden convex. In Section 4, we focus on quadratic programming problems
and derive some conditions for hidden convexity. The paper concludes in
Section 5 with a case study that demonstrates a high possibility of occur-
rence of hidden convexity in nonconvex situations.

2. Convexification Transformation

Let function h 2 C2 be defined on X in (2).

DEFINITION. A function h : Rn ! R is increasing (decreasing) on X with
respect to xi if

hðx1; . . . ;xi�1;x
1
i ; xiþ1; . . . ; xnÞOðPÞ hðx1; . . . ; xi�1;x

2
i ; xiþ1; . . . ; xnÞ

for any x1i < x2i ; where x1i ;x
2
i 2 Xi ¼ fxijðx1; . . . ;xi�1;xi; xiþ1; . . . ;xnÞ 2 Xg;

A function h : Rn ! R is strictly increasing (decreasing) on X with respect
to xi if

hðx1; . . . ; xi�1; x
1
i ;xiþ1; . . . ;xnÞ < ð>Þ hðx1; . . . ;xi�1; x

2
i ;xiþ1; . . . ;xnÞ

for any x1i < x2i ; where x1i ; x
2
i 2 Xi.

DEFINITION. A function h : Rn ! R is said to be monotone on its domain
X if h is increasing or decreasing on X with respect to all xi; i ¼ 1; . . . ; n; A
function h defined on X is said to be strictly monotone if h is strictly
increasing or strictly decreasing on X with respect to all xi; i ¼ 1; . . . ; n:
Consider the following variable transformation of function h(x):

hpðyÞ ¼ h

�
tpðyÞ

�
ð3Þ

where p ¼ ðp1; . . . ; pnÞ is a parameter vector and tpðyÞ : Rn ! Rn is a sepa-
rable mapping, i.e., tpðyÞ ¼ ðt1;p1ðy1Þ; . . . ; tn;pnðynÞÞ for y ¼ ðy1; . . . ; ynÞ: We
further assume that each of ti;piðyiÞ 2 C2; i ¼ 1; . . . ; n; is a one-to-one map-
ping. The domain of hpðyÞ is
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Yp ¼ fy 2 Rnj yi ¼ t�1i;pi
ðxiÞ; i ¼ 1; . . . ; n; ðx1; . . . ; xnÞ 2 Xg: ð4Þ

Clearly, Yp is still a box and is thus convex. Let X be an open set satisfying
Yp � X for all p. Denote

Xi ¼ fyi 2 Rjðy1; . . . ; yi; . . . ; ynÞ 2 Xg; i ¼ 1; . . . ; n:

Let Sn be the unit sphere in Rn. Let min
x2;

x ¼ þ1; max
x2;

x ¼ �1 for a pur-
pose of convenience.

DEFINITION. If there exists a one-to-one mapping x = tp(y) such that
hp(y) defined in (3) is convex, then the function h(x) is called a hidden con-
vex function.
Denote by gi and fi upper and lower bounds of @h=@xi over

X; i ¼ 1; . . . ; n; respectively, i.e.,

giPmax
x2X

@hðxÞ
@xi

ð5Þ

fiOmin
x2X

@hðxÞ
@xi

ð6Þ

Denote by k a lower bound of the minimum eigenvalue of the Hessian of h
over X, i.e.,

kOmin
x2X

kðxÞ ¼ min
x2X;d2Sn

dTHðxÞd; ð7Þ

where H(z) is the Hessian of h at z and kðxÞ is the minimum eigenvalue of
H(x).
Denote

sðaÞ ¼ 1 a P0
0 a < 0

n
ð8Þ

Let

mi;pi ¼ min
x2X

t00i;pi

�
t�1i;pi
ðxiÞ
�

t0i;pi

�
t�1i;pi
ðxiÞ
�� �2 ; ð9Þ

Mi;pi ¼ max
x2X

t00i;pi

�
t�1i;pi
ðxiÞ
�

t0i;pi

�
t�1i;pi
ðxiÞ
�� �2 ; ð10Þ
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ai;pi ¼ mi;pifisðfiÞ þMi;pifisð�fiÞ ð11Þ

bi;pi ¼ mi;pigisðgiÞ þMi;pigisð�giÞ ð12Þ

Bi ¼fpijai;piP� k; mi;piP0g
[ fpijbi;piP� k; Mi;piO0g ð13Þ

�Bi ¼fpijai;pi > �k; mi;piP0g
[ fpijbi;pi > �k; Mi;piO0g ð14Þ

THEOREM 2.1. Assume that ti;pi ; i ¼ 1; . . . ; n; are strictly monotone func-
tions on Xi and satisfy t0i;piðyiÞ 6¼ 0 for any yi 2 Xi: Furthermore, for any
i ¼ 1; . . . ; n; ti;pi is either convex or concave on Xi.
If for all i ¼ 1; . . . ; n;Bi 6¼ ;; then hpðyÞ is a convex function on Yp when

pi 2 Bi; i ¼ 1; . . . ; n; and if for all i ¼ 1; . . . ; n; �Bi 6¼ ;; then hpðyÞ is strictly
convex on Yp when pi 2 �Bi; i ¼ 1; . . . ; n:

Proof. Let x ¼ tpðyÞ; 8y 2 Yp: By (3), we have

@hpðyÞ
@yk

¼ @hðxÞ
@xk

t0k;pkðykÞ; k ¼ 1; 2; . . . ; n

@2hpðyÞ
@y2k

¼ @
2hðxÞ
@x2k

½t0k;pkðykÞ�
2 þ @hðxÞ

@xk
t00k;pkðykÞ

¼ ½t0k;pkðykÞ�
2 @2hðxÞ

@x2k
þ @hðxÞ

@xk

t00k;pkðykÞ
½t0k;pkðykÞ�

2

" #
; k ¼ 1; 2; . . . ; n

@2hpðyÞ
@yk@yj

¼ @
2hðxÞ
@xk@xj

t0k;pkðykÞt
0
j;pj
ðyjÞ; k; j ¼ 1; 2; . . . ; n; k 6¼ j:

Let

AðxÞ ¼ diag

�
t01;p1ðy1Þ; . . . ; t0n;pnðynÞ

�
; ð15Þ

BðxÞ ¼ diag

�
@hðxÞ
@x1

t001;p1ðy1Þ
½t01;p1ðy1Þ�

2
; . . . ;

@hðxÞ
@xn

t00n;pnðynÞ
½t0n;pnðynÞ�

2

�
: ð16Þ

Denote the Hessian of hp(y) by Hp(y). Then

HpðyÞ ¼ AðxÞ½HðxÞ þ BðxÞ�AðxÞ:

For all d 2 Sn;
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dTHpðyÞd ¼ dTAðxÞ½HðxÞ þ BðxÞ�AðxÞd:
It is clear that Hp(y) is positive definite if and only if H(x) + B(x) is posi-
tive definite. For any d 2 Sn and x 2 X; we have

dT½HðxÞ þ BðxÞ�d ¼ dTHðxÞdþ
Xn
i¼1

@hðxÞ
@xi

t00i;piðyiÞ
½t0i;piðyiÞ�

2
d2i

Pkþ
Xn
i¼1

@hðxÞ
@xi

t00i;piðyiÞ
½t0i;piðyiÞ�

2
d2i ð17Þ

Since ti;piðyiÞ is either convex or concave on Xi,

@hðxÞ
@xi

t00i;piðyiÞ
½t0i;piðyiÞ�

2
P

fi
t00i;pi
ðyiÞ

½t0
i;pi
ðyiÞ�2

if mi;piP0

gi
t00i;pi
ðyiÞ

½t0
i;pi
ðyiÞ�2

if Mi;piO0

8>><
>>:

P
ai;pi if mi;piP0

bi;pi if Mi;piO0

(

we further have

dT½HðxÞ þ BðxÞ�dPkþ min
1OiOn

�
ai;pisðmi;piÞ þ bi;pisð�Mi;piÞ

�
:

Thus, if for every i ¼ 1; . . . ; n; one of the following two inequalities

ai;piP� k; mi;piP0

or
bi;piP� k; Mi;piO0

holds, then we have

dT½HðxÞ þ BðxÞ�dP0:

Thus, hp(y) is a convex function on Yp for pi 2 Bi; i ¼ 1; 2; . . . ; n; if all
Bi 6¼ ;; i ¼ 1; 2; . . . ; n. Furthermore, hp(y) is strictly convex on Yp for
pi 2 �Bi; i ¼ 1; 2; . . . ; n; if all �Bi 6¼ ;; i ¼ 1; . . . ; n: (

Without loss of generality, we can assume that fi 6¼ 0 and gi 6¼ 0. Let

I ¼fijfi > 0g
J ¼fijgi < 0g
�I ¼f1; . . . ; ngnI
�J ¼f1; . . . ; ngnJ:
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Clearly, h is increasing with respect to xi if i 2 I; decreasing with respect to
xi if i 2 J; and neither increasing nor decreasing with respect to xi if
i 2 �I \ �J: For an i 2 �I \ �J; we must have fi < 0 and gi > 0:
Set Bi in (13) can be specified for i 2 I; J and �I \ �J;

Bi¼

pijmax 0;� k
fi

n o
Omi;pi

n o
[ pij0PMi;piPmi;piP� k

gi

n o
i2 I

pij0Omi;piOMi;piO� k
fi

n o
[ pijMi;piOmin 0;�k

gi

n on o
i2 J

pij0Omi;piOMi;piO� k
fi

n o
[ pij0PMi;piPmi;piP� k

gi

n o
i2 �I\ �J

8>>><
>>>:

ð18Þ

We can conclude the following from (18).

Remark 2.1. (i) If kP0; h is already a convex function. There exist many
transformations x ¼ tpðyÞðe:g: tpðyÞ ¼ yÞ such that Bi 6¼ ; for all
i ¼ 1; . . . ; n: Thus function hpðyÞ retains a convexity. It implies that a
convex function is always a hidden convex function.

(ii) If k < 0; and �I \ �J 6¼ ;; then Bi ¼ ; for any i 2 �I \ �J. It implies that
a non-monotone nonconvex function h on X cannot be convexified
(using the method proposed in this paper).

(iii) If k < 0; then Bi ¼ pij � k
fi
Omi;pi

n o
for i 2 I:

(iv) If k < 0; then Bi ¼ pijMi;piO� k
gi

n o
for i 2 J:

Remark 2.2. It is obvious that the resulted set Bi depends on a chosen
transformation x = tp(y). If we take x ¼ y1=p; i.e., xi ¼ y

1=pi
i ; i ¼ 1; . . . ; n;

then we have

mi;pi ¼
1�pi
ui
ðP0Þ; piO1

1�pi
li
ðO0Þ; piP1

(
ð19Þ

Mi;pi ¼
1�pi
li
ðP0Þ; piO1

1�pi
ui
ðO0Þ; piP1

(
; ð20Þ

and

Bi ¼

�
�1;min 1; 1þ kui

fi

n oi
[ 1; 1þ kli

gi

h i
i 2 I

1þ kli
fi
; 1

h i
[
�
max 1; 1þ kui

gi

n o
;þ1

�
i 2 J.

1þ kli
fi
; 1

h i
[ 1; 1þ kli

gi

h i
i 2 �I \ �J

8>>>>><
>>>>>:
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If we take x ¼ � 1
p lnð1þ yÞ; i:e:; xi ¼ � 1

pi
lnð1þ yiÞ; i ¼ 1; . . . ; n; then we

have

mi;pi ¼Mi;pi ¼ pi:

and

Bi ¼

�
max 0;� k

fi

n o
;þ1

�
[ � k

gi
; 0

h i
i 2 I

0;� k
fi

h i
[
�
�1;min 0;� k

gi

n o
;

�
i 2 J.

0;� k
fi

h i
[ � k

gi
; 0

h i
i 2 �I \ �J

8>>>>><
>>>>>:

Remark 2.3. There are many nonconvex functions which are hidden con-
vex. If h is strictly monotone and I [ J ¼ f1; . . . ; ng, then h must be a hid-
den convex function. In fact, when h is strictly monotone and
I [ J ¼ f1; . . . ; ng, if we take a transformation x ¼ tpðyÞ that satisfies

Bi ¼ pij �
k
fi

Omi;pi

� �
6¼ ;; when i 2 I;

and

Bi ¼
�
pijMi;piO�

k
gi

�
6¼ ;; when i 2 J;

then the transformed function hðtpðyÞÞ must be convex when pi 2 Bi; i ¼
1; . . . ; n: For example, if we take xi ¼ ti;piðyiÞ ¼ � 1

pi
lnð1þ

yiÞ for i 2 I and take xi ¼ 1
pi
lnð1þ yiÞ for i 2 J; then Bi 6¼ ; when pi is large

enough, i ¼ 1; . . . ; n: Therefore, hðtpðyÞÞ is convex when pi, i ¼ 1; 2; . . . ; n; are
large enough. Thus, a strictly monotone function is always hidden convex.
An illustrative example is that hðxÞ ¼ sinðxÞ; x 2 ð�p=2;þp=2Þ; is not con-
vex, but hidden convex.

3. Equivalent Convex Programming Problem

Theorem 2.1 provides us a basis to identify a class of hidden convex pro-
gramming problems. By adopting a selected transformation (3), we can
convert the primal problem (1) into the following formulation:

min g0;pðyÞ ¼g0
�
tpðyÞ

�

s.t. gi;pðyÞ ¼gi
�
tpðyÞ

�
Obi; i ¼ 1; . . . ;m

y 2 Yp;

ð21Þ
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where Yp ¼ fy 2 RnjliOti;piðyiÞOui; i ¼ 1; . . . ; ng is a box and tp satisfies the
conditions of Theorem 2.1.
The equivalence between (1) and (21) is clear.

THEOREM 3.1. Assume that tpðyÞ is a one-to-one mapping with
X ¼ tpðYpÞ and both tp and t�1p are continuous. Then y� is a global or local
optimal solution to (21) if and only if x� ¼ tpðy�Þ is a global or local opti-
mal solution to (1).

Proof. By the facts that tp is a one-to-one mapping and both tp and t�1p

are continuous, we can obtain the above conclusion easily (see [7]). (

DEFINITION. If there exists a one-to-one mapping x ¼ tpðyÞ such that
(21), an equivalent transformation of a programming problem (1), is con-
vex, then (1) is called a hidden convex minimization problem.
Let gki and fki ; k ¼ 0; 1; . . . ;m, be upper and lower bounds of @gkðxÞ

@xi
over

X; i ¼ 1; . . . ; n, respectively, i.e.

fki Omin
x2X

@gkðxÞ
@xi

; ð22Þ

gki Pmax
x2X

@gkðxÞ
@xi

: ð23Þ

For i ¼ 1; 2; . . . ; n and k ¼ 0; 1; . . . ;m, let

aki;pi ¼ mi;pif
k
i sðfki Þ þMi;pif

k
i sð�fki Þ ð24Þ

bki;pi ¼ mi;pig
k
i sðgki Þ þMi;pig

k
i sð�gki Þ ð25Þ

kk O min
x2X;jjdjj¼1

dTHkðxÞd ð26Þ

Ak
i ¼ fpijaki;piP� kk; mi;piP0g
[ fpijbki;piP� kk; Mi;piO0g ð27Þ

�Ak
i ¼ fpijaki;pi > �kk; mi;piP0g
[ fpijbki;pi > �kk; Mi;piO0g ð28Þ

Ai ¼ \mk¼0Ak
i ð29Þ

�Ai ¼ \mk¼0 �Ak
i ð30Þ
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A ¼ fp ¼ ðp1; . . . ; pnÞjpi 2 Ai; i ¼ 1; . . . ; ng ð31Þ

�A ¼ fp ¼ ðp1; . . . ; pnÞjpi 2 �Ai; i ¼ 1; . . . ; ng; ð32Þ

where HkðzÞ is the Hessian of gk at z; d 2 Rn; sð�Þ;mi;pi , and Mi;pi are
defined by (8), (9), and (10), respectively.

THEOREM 3.2. Assume that in (21) ti;pi ; i ¼ 1; . . . ; n, are strictly monotone
functions on Xi and satisfy t0i;piðyiÞ 6¼ 0 for any yi 2 Xi. Furthermore, for
any i ¼ 1; . . . ; n; ti;pi is either convex or concave on Xi.
If A 6¼ ;; i:e: Ai 6¼ ; for all i ¼ 1; 2; . . . ; n, then the problem (21) is a con-

vex programming problem when p 2 A. If �A 6¼ ;; i:e:; �Ai 6¼ ; for all
i ¼ 1; 2; . . . ; n, then the problem (21) is a strictly convex programming
problem when p 2 �A.

Proof. If A 6¼ ;, i.e. for all i ¼ 1; . . . ; n;Ai 6¼ ;, it implies that for any
k ¼ 0; 1; . . . ;m; i ¼ 1; . . . ; n;Ak

i 6¼ ;. From Theorem 2.1 we know that
gkðtpðyÞÞ is convex on Yp when pi 2 Ak

i ; i ¼ 1; . . . ; n. Thus, all the functions
gkðtpðyÞÞ; k ¼ 0; 1; . . . ;m, are convex on Yp when p 2 A. We can conclude
that the programming problem (21) is convex on Yp when p 2 A. Similarly,
the problem (21) is strictly convex when p 2 �A if �A 6¼ ;. (
From Theorems 3.1 and 3.2, we know that the problem (1) can be con-

verted into an equivalent convex programming problem (21) if A 6¼ ; when
gi; i ¼ 0; 1; . . . ;m, and tp satisfy the conditions in Theorem 3.2.
Without loss of generality, we can assume that fki 6¼ 0 and gki 6¼ 0 for all

k ¼ 0; 1; . . . ;m and i ¼ 1; . . . ; n. Let for i ¼ 1; 2; . . . ; n,

Ii ¼ fk j fki > 0; k ¼ 0; 1; . . . ;mg ð33Þ

Ji ¼ fk j gki < 0; k ¼ 0; 1; . . . ;mg ð34Þ

�Ii ¼ f0; 1; . . . ;mgnIi ð35Þ

�Ji ¼ f0; 1; . . . ;mgnJi: ð36Þ

If k 2 Ii, then Ak
i in (27) reduces to

Ak
i ¼ pi j mi;piPmax 0;� kk

fki

( )( )
[ pi j 0PMi;piPmi;piP�

kk
gki

� �
;

If k 2 Ji, then Ak
i in (27) reduces to

Ak
i ¼ pi j 0Omi;piOMi;piO�

kk
fki

( )
[ pi j Mi;piOmin 0;� kk

gki

� �� �
;
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If k 2 �Ii \ �Ji, then Ak
i in (27) reduces to

Ak
i ¼ pi j 0Omi;piOMi;piO�

kk
fki

)
[
(
pi j 0PMi;piPmi;piP�

kk
gki

( )
;

Then

Ai¼ pijmax

�
0;max

k2Ii
�kk

fki

" #( )
Omi;piOMi;Pi

Omin
k2�Ii

�kk
fki

( ))

[ pijmaxk2�Ji �
kk
gki

� �
Omi;piOMi;Pi

Omin0;

�
mink2Ji �

kk
gki

� �� ��
:

ð37Þ

Note from Remark 2.1 that if there exists k 2 �Ii \ �Ji such that kk < 0, then
Ai ¼ ;.

Remark 3.1. The set Ai depends on the transformation chosen. For
instance, if we take xi ¼ ti;piðyiÞ ¼ y

1=pi
i , then we have mi;pi and Mi;pi in (19)

and (20), respectively. Thus we have

Ai ¼
�
1þmax

k2�Ii

kkli
fki

; 1þmin

�
0;min

k2Ii

�
kkui
fki

���

[
�
1þmax

�
0;max

k2Ji

�
kkui
gki

��
; 1þmin

k2�Ji

kkli
gki

�
:

Therefore, if max
k2�Ii

kkli
fki

Ominf0;min
k2Ii
½kkui

fki
�g or maxf0;max

k2Ji
½kkui
gki
�gOmin

k2�Ji

kkli
gki
; then

the programming problem (21) is a convex programming problem for
pi 2 Ai; i ¼ 1; 2; . . . ; n:
Obviously, there are many transformations that may convert the primal

problem (1) into a convex programming problem. A natural question to
ask is if there is a best choice among different transformations. A transfor-
mation to serve as a best choice should have the largest freedom for p to
perform convexification. From (37), it is clear that if a transformation x =
tp(y) satisfies:

mi;pi ¼Mi;pi ; and fMi;pi jpi 2 Rg ¼ R; for any i ¼ 1; . . . ; n; ð38Þ

then Ai 6¼ ; when
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max 0;max
k2Ii

�
� kk

fki

�( )
Omin

k2�Ii

"
� kk

fki

#( )

[ max
k2�Ji

"
� kk

gki

#
Omin 0;min

k2Ji

�
� kk

gki

�� �( )
6¼ ;:

There do exist transformations that satisfy (38). For example, if we take
ti;piðyiÞ ¼ 1

pi
ln yi; or ti;piðyiÞ ¼ 1

pi
lnð1þ yi

pi
Þ; then we haveMi;pi ¼ mi;pi ¼ �pi and

fMi;pi jpi 2 Rg ¼ R; if we take ti;piðyiÞ ¼ � 1
pi
ln yi; or ti;piðyiÞ ¼ � 1

pi
lnð1þ yi

pi
Þ;

then we haveMi;pi ¼ mi;pi ¼ pi and fMi;pi jpi 2 Rg ¼ R.
By identifying the best choices among different transformations, we can

now obtain the following conditions for hidden convex programming prob-
lems that are independent of transformations.

THEOREM 3.3. Suppose gj 2 C2ðXÞ; j ¼ 0; 1; . . . ;m: If, in addition, for each
i ¼ 1; . . . ; n; at least one of the following inequalities holds:

max 0;max
k2Ii

�
� kk

fki

�( )
Omin

k2�Ii
� kk

fki

( )
ð39Þ

or

max
k2�Ji

� kk
gki

� �
Omin 0;min

k2Ji

�
� kk

gki

�� �
; ð40Þ

then the problem (1) is a hidden convex programming problem. If, for each
i ¼ 1; . . . ; n; the inequality (39) or the inequality (40) is strict, then problem
(1) is a hidden strictly convex programming problem.

Proof. Since for each i ¼ 1; . . . ; n; one of (39) and (40) holds, if we take
transformation x = tp(y) satisfying (38), then Ai 6¼ ; for all i ¼ 1; . . . ; n: By
Theorem 3.2, we know that the programming problem (21) is convex on Yp

when pi 2 Ai; i ¼ 1; . . . ; n: Thus, the original problem (1) is a hidden convex
problem. If (39) or (40) is strict and if we take transformation x = tp(y) sat-
isfying (38), then �Ai 6¼ ;: So the programming problem (21) is strictly convex
on Yp when pi 2 �Ai; i ¼ 1; . . . ; n: Thus, the original problem (1) is a hidden
strictly convex problem if (39) or (40) is strict for each i ¼ 1; . . . ; n: (

We should emphasize here that no actual transformation is needed when
judging if a problem is a hidden convex problem or not. If the conditions
in Theorem 3.3 are satisfied, the primal problem (1) is a hidden convex
problem. We can simply find the global minimum of (1) by using certain
existing efficient local search algorithms in the literature.
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EXAMPLE 3.1. We now consider the following nonconvex optimization
problem:

min g0ðxÞ ¼
1

3
x31 þ

3

2
x22 � 3x1 � 2x2

s.t. g1ðxÞ ¼ � x21 �
1

2
x22 � 14x1 � 15x2 þ 40O0

1OxiO2; i ¼ 1; 2: ð41Þ

Obviously, we have that

f01 ¼ �2O
@g0ðxÞ
@x1

¼ x21 � 3O1 ¼ g01

f02 ¼ 1O
@g0ðxÞ
@x2

¼ 3x2 � 2O4 ¼ g02

f11 ¼ �18O
@g1ðxÞ
@x1

¼ �2x1 � 14O� 16 ¼ g11

f12 ¼ �17O
@g1ðxÞ
@x2

¼ �x2 � 15O� 16 ¼ g12:

Let H0(x) and H1(x) be the Hessian of g0 and g1 at x, respectively,

H0ðxÞ ¼
2x1 0
0 3

� �
;

H1ðxÞ ¼
�2 0
0 �1

� �
:

The minimal eigenvalue of matrix H0(x) is

k0ðxÞ ¼
2x1 1Ox1O 3

2

3 3
2 < x1O2

�

for any 1Ox2O2 and the minimal eigenvalue of matrix H1(x) is k1ðxÞ ¼ �2
for any x 2 X: So we have k0 ¼ minx2X k0ðxÞ ¼ 2 and k1 ¼ minx2X k1ðxÞ ¼
�2. Notice that the function g0(x) is convex and the function g1(x) is con-
cave. It is easy to see that I1 ¼ ;; �I1 ¼ f0; 1g; J1 ¼ f1g; �J1 ¼ f0g; I2 ¼ f0g;
�I2 ¼ f1g; J2 ¼ f1g; �J2 ¼ f0g. For i =1, we have

max
k2�J1

�
� kk

gk1

�
¼�k0

g01
¼�2<�1

8
¼min

�
0;�k1

g11

�
¼min

�
0;min

k2J1

�
� kk

gk1

��
:

(40) holds for i = 1; For i = 2, we have

max
k2�J2

�
� kk

gk2

�
¼�k0

g02
¼�1

2
<�1

8
¼min

�
0;�k1

g12

�
¼min

�
0;min

k2J2

�
� kk

gk2

��
;
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(40) also holds for i = 2. Thus, by Theorem 3.3, the problem (41) is hid-
den strictly convex. In fact, the primal problem (41) has only one local
minimum x* = (1.7321, 1.0000)T with f(x*) = )3.9641 and this local min-
imum is its global minimum.
We emphasize that no exact eigenvalues of the Hessian matrices are

required when judging if a nonconvex problem is hidden convex or not. The
proposed method only requires some estimated bounds of the minimum ei-
genvalues and the first-order derivatives. In the literature, there are many
methods that estimate a lower bound for the minimum eigenvalue. A classi-
cal method is by using the Gerschgorin theorem. It is evident that the tighter
the bound, the higher the probability for a problem to be convexified.

4. The Hidden Convex Quadratic Problem

We consider the following general quadratic problem in this section:

min g0ðxÞ ¼
Xn
i¼1

Xn
j¼1

a
ð0Þ
ij xixj þ

Xn
i¼1

b
ð0Þ
i xi þ cð0Þ

s.t. gkðxÞ ¼
Xn
i¼1

Xn
j¼1

a
ðkÞ
ij xixj þ

Xn
i¼1

b
ðkÞ
i xi þ cðkÞO0; k ¼ 1; . . . ;m

x 2 X ¼fðx1; . . . ;xnÞjliOxiOui; i ¼ 1; . . . ; ng; ð42Þ
where, without loss of generality, we assume that a

ðkÞ
ij ¼ a

ðkÞ
ji ; i; j ¼ 1; . . . ; n;

k ¼ 0; 1; . . . ;m: The following are obvious.

@gkðxÞ
@xi

¼2
Xn
j¼1

a
ðkÞ
ij xj þ b

ðkÞ
i ; i ¼ 1; . . . ; n; k ¼ 0; 1; . . . ;m

@2gkðxÞ
@xi@xj

¼2aðkÞij ; i; j ¼ 1; . . . ; n; k ¼ 0; 1; . . . ;m:

Let

fki ¼ 2
Xn
j¼1

a
ðkÞ
ij lj � s

�
a
ðkÞ
ij

�
þ a

ðkÞ
ij uj � s

�
� a

ðkÞ
ij

� !
þ b

ðkÞ
i

" #

gki ¼ 2
Xn
j¼1

a
ðkÞ
ij uj � s

�
a
ðkÞ
ij

�
þ a

ðkÞ
ij lj � s

�
� a

ðkÞ
ij

� !
þ b

ðkÞ
i

" #

Ii ¼ fk j fki > 0; k ¼ 0; 1; . . . ;mg

~Ii ¼ fk j fki < 0; k ¼ 0; 1; . . . ;mg

I0i ¼ fk j fki ¼ 0; k ¼ 0; 1; . . . ;mg
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Ji ¼ fk j gki < 0; k ¼ 0; 1; . . . ;mg

~Ji ¼ fk j gki > 0; k ¼ 0; 1; . . . ;mg

J0i ¼ fk j gki ¼ 0; k ¼ 0; 1; . . . ;mg;
where function s(Æ) is defined in (8). Let Gk be the Hessian matrix of gk(x).
The following are clear.

fki O
@gkðxÞ
@xi

Ogki ; 8x 2 X; i ¼ 1; . . . ; n; k ¼ 0; 1; . . . ;m

Gk ¼2ðaðkÞij Þn�n; k ¼ 0; 1; . . . ;m:

Let kk be the minimal eigenvalue of Gk. Obviously, the following results
can be obtained from Theorem 3.3.
(i) If kkP0;8k ¼ 0; 1; . . . ;m, then the problem (42) is already a convex

programming problem.
(ii) If for all i ¼ 1; . . . ; n; one of the following two conditions is satisfied:

kkP0 for all k 2 I 0i and min 0;min
k2Ii

�
kk
fki

�( )
Pmax

k2~Ii

kk
fki
;

or

kkP0 for all k 2 J 0
i and min

k2~Ji

kk
gki

Pmax 0;max
k2Ji

�
kk
gki

�� �
;

then the problem (42) must be a hidden convex programming problem.
We now consider the following three special cases of the problem (42):

(a) If a
ðkÞ
ij ¼ 0; i; j ¼ 1; . . . ; n; k ¼ 1; . . . ;m; the problem ð42Þ

reduces to:

min g0ðxÞ ¼
Xn
i¼1

Xn
j¼1

a
ð0Þ
ij xixj þ

Xn
i¼1

b
ð0Þ
i xi þ cð0Þ

s.t. gkðxÞ ¼
Xn
i¼1

b
ðkÞ
i xi þ cðkÞO0; k ¼ 1; . . . ;m

x 2 X ¼fðx1; . . . ;xnÞjliOxiOui; i ¼ 1; . . . ; ng: ð43Þ

This is a quadratic programming problem with linear constraints. Notice
that in this situation, kk ¼ 0 for all k ¼ 1; . . . ;m; and fki ¼ gki ¼ b

ðkÞ
i for all

i ¼ 1; . . . ; n and k ¼ 1; . . . ;m:
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If k0P0; the problem (43) is already a convex programming problem.
When k0 < 0, if for all i ¼ 1; . . . ; n; one of the following two conditions is
satisfied:

f0i > 0 and b
ðkÞ
i � f0i > 0; 8k¼ 1; . . . ;m ði.e., Ii ¼ f0;1; . . . ;mg and ~Ii ¼ ;Þ;

or

f0i < 0 and b
ðkÞ
i � f0i > 0; 8k¼ 1; . . . ;m ði.e., Ji ¼ f0;1; . . . ;mg and ~Ji ¼ ;Þ;

then the programming problem (43) must be a hidden convex program-
ming problem.

(b) If a
ðkÞ
ij ¼ 0; i 6¼ j; i; j ¼ 1; . . . ; n; k ¼ 0; 1; . . . ;m; the problem (42)

reduces to:

min g0ðxÞ ¼
Xn
i¼1

a
ð0Þ
ii x2i þ

Xn
i¼1

b
ð0Þ
i xi þ cð0Þ

s.t. gkðxÞ ¼
Xn
i¼1

a
ðkÞ
ii x2i þ

Xn
i¼1

b
ðkÞ
i xi þ cðkÞO0; k ¼ 1; . . . ;m

x 2 X ¼fðx1; . . . ;xnÞ j liOxiOui; i ¼ 1; . . . ; ng: ð44Þ

Then we have

kk ¼ min
1OiOn

2a
ðkÞ
ii :

Let

Ii¼
�
k j 2aðkÞii li � s

�
a
ðkÞ
ii

�
þ2a

ðkÞ
ii ui � s

�
�a

ðkÞ
ii

�
þb

ðkÞ
i > 0; k¼ 0;1; . . . ;m

�

~Ii¼
�
k j 2aðkÞii li � s

�
a
ðkÞ
ii

�
þ2a

ðkÞ
ii ui � s

�
�a

ðkÞ
ii

�
þb

ðkÞ
i < 0; k¼ 0;1; . . . ;m

�

I0i ¼
�
k j 2aðkÞii li � s

�
a
ðkÞ
ii

�
þ2a

ðkÞ
ii ui � s

�
�a

ðkÞ
ii

�
þb

ðkÞ
i ¼ 0; k¼ 0;1; . . . ;m

�

Ji¼
�
k j 2aðkÞii ui � s

�
a
ðkÞ
ii

�
þ2a

ðkÞ
ii li � s

�
�a

ðkÞ
ii

�
þb

ðkÞ
i < 0; k¼ 0;1; . . . ;m

�

~Ji¼
�
k j 2aðkÞii ui � s

�
a
ðkÞ
ii

�
þ2a

ðkÞ
ii li � s

�
�a

ðkÞ
ii

�
þb

ðkÞ
i > 0; k¼ 0;1; . . . ;m

�

J0i ¼
�
k j 2aðkÞii ui � s

�
a
ðkÞ
ii

�
þ2a

ðkÞ
ii li � s

�
�a

ðkÞ
ii

�
þb

ðkÞ
i ¼ 0; k¼ 0;1; . . . ;m

�
:
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If for all i ¼ 1; . . . ; n; one of the following two conditions is satisfied:
kkP0 for all k 2 I0i and

min

�
0;min

k2Ii

min
1OiOn

a
ðkÞ
ii

2a
ðkÞ
ii li � sðaðkÞii Þ þ 2a

ðkÞ
ii ui � sð�aðkÞii Þ þ b

ðkÞ
i

�

Pmax
k2~Ii

min
1OiOn

a
ðkÞ
ii

2a
ðkÞ
ii li � sðaðkÞii Þ þ 2a

ðkÞ
ii ui � sð�aðkÞii Þ þ b

ðkÞ
i

; ð45Þ

or

kkP0 for all k 2 J 0
i and

min
k2~Ji

min
1OiOn

a
ðkÞ
ii

2a
ðkÞ
ii ui � sðaðkÞii Þ þ 2a

ðkÞ
ii li � s

�
� a

ðkÞ
ii

�
þ b

ðkÞ
i

Pmax

�
0;max

k2Ji

min
1OiOn

a
ðkÞ
ii

2a
ðkÞ
ii ui � s

�
a
ðkÞ
ii

�
þ 2a

ðkÞ
ii li � s

�
� a

ðkÞ
ii

�
þ b

ðkÞ
i

�
; ð46Þ

then the problem (44) must be a hidden convex programming problem.
Consider the singly and quadratically constrained quadratic problem

considered in Ben-Tal and Teboulle [2]:

min g0ðxÞ ¼
Xn
i¼1

a
ð0Þ
ii x2i þ

Xn
i¼1

b
ð0Þ
i xi þ cð0Þ

s.t. clOg1ðxÞ ¼
Xn
i¼1

a
ð1Þ
ii x2i Ocu ð47Þ

As suggested by the double duality approach in [2], problem (47) is a hid-
den convex problem which is evidenced by a transformation of
xi ¼ �sgnðbð0Þi Þ

ffiffiffiffi
yi
p

: Notice that the transformation in [2] is not an equiva-
lent transformation. Selecting the transformation of xi ¼ �sgnðbð0Þi Þ

ffiffiffiffi
yi
p

dis-
cards its complement transformation xi ¼ sgnðbð0Þi Þ

ffiffiffiffi
yi
p

which will be never
optimal in problem (47).

(c) If n ¼ 2, the problem (42) reduces to the form:

min g0ðxÞ ¼ a
ð0Þ
11 x

2
1 þ 2a

ð0Þ
12 x1x2þ a

ð0Þ
22 x

2
2þ b

ð0Þ
1 x1þ b

ð0Þ
2 x2þ cð0Þ

s.t. gkðxÞ ¼ a
ðkÞ
11 x

2
1þ 2a

ðkÞ
12 x1x2þ a

ðkÞ
22 x

2
2þ b

ðkÞ
1 x1þ b

ðkÞ
2 x2þ cðkÞO0

k¼ 1; . . . ;m

ð48Þ
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x 2 X ¼ fðx1; x2Þ j liOxiOui; i ¼ 1; 2g:
Then we have

kk ¼ a
ðkÞ
11 þ a

ðkÞ
22 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
ðkÞ
11 � a

ðkÞ
22


 �2
þ4 a

ðkÞ
12


 �2
:

r

Let

Ii ¼
(
k

����
2

�
a
ðkÞ
ii li � sðaðkÞii Þ þ a

ðkÞ
ii ui � sð�aðkÞii Þ þ a

ðkÞ
12 li � sða

ðkÞ
12 Þ þ a

ðkÞ
12 ui � sð�a

ðkÞ
12 Þ
�
þ b

ðkÞ
i > 0;

k ¼ 0; 1; . . . ;m

)

~Ii ¼
(
k

����
2

�
a
ðkÞ
ii li � sðaðkÞii Þ þ a

ðkÞ
ii ui � sð�aðkÞii Þ þ a

ðkÞ
12 li � sða

ðkÞ
12 Þ þ a

ðkÞ
12 ui � sð�a

ðkÞ
12 Þ
�
þ b

ðkÞ
i < 0;

k ¼ 0; 1; . . . ;m

)

I0i ¼
(
k

����
2

�
a
ðkÞ
ii li � sðaðkÞii Þ þ a

ðkÞ
ii ui � sð�aðkÞii Þ þ a

ðkÞ
12 li � sða

ðkÞ
12 Þ þ a

ðkÞ
12 ui � sð�a

ðkÞ
12 Þ
�
þ b

ðkÞ
i ¼ 0;

k ¼ 0; 1; . . . ;m

)

Ji ¼
(
k

����
2

�
a
ðkÞ
ii ui � sðaðkÞii Þ þ a

ðkÞ
ii li � sð�aðkÞii Þ þ a

ðkÞ
12 ui � sða

ðkÞ
12 Þ þ a

ðkÞ
12 li � sð�a

ðkÞ
12 Þ
�
þ b

ðkÞ
i < 0;

k ¼ 0; 1; . . . ;m

)

~Ji ¼
(
k

����
2

�
a
ðkÞ
ii ui � sðaðkÞii Þ þ a

ðkÞ
ii li � sð�aðkÞii Þ þ a

ðkÞ
12 ui � sða

ðkÞ
12 Þ þ a

ðkÞ
12 li � sð�a

ðkÞ
12 Þ
�
þ b

ðkÞ
i > 0;

k ¼ 0; 1; . . . ;m

)

J 0
i ¼

(
k

����
2

�
a
ðkÞ
ii ui � sðaðkÞii Þ þ a

ðkÞ
ii li � sð�aðkÞii Þ þ a

ðkÞ
12 ui � sða

ðkÞ
12 Þ þ a

ðkÞ
12 li � sð�a

ðkÞ
12 Þ
�
þ b

ðkÞ
i ¼ 0;

k ¼ 0; 1; . . . ;m

)

If for both i ¼ 1; 2, one of the following two conditions is satisfied:
kkP0 for all k 2 I 0i and

min 0; min
k2Ii

a
ðkÞ
11 þ a

ðkÞ
22 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
ðkÞ
11 � a

ðkÞ
22


 �2
þ4 a

ðkÞ
12


 �2r

2 a
ðkÞ
ii li � sðaðkÞii Þ þ a

ðkÞ
ii ui � sð�aðkÞii Þ þ a

ðkÞ
12 li � sða

ðkÞ
12 Þ þ a

ðkÞ
12 ui � sð�a

ðkÞ
12 Þ


 �
þ b

ðkÞ
i

8>><
>>:

9>>=
>>;

Pmax
k2~Ii

a
ðkÞ
11 þ a

ðkÞ
22 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a
ðkÞ
11 � a

ðkÞ
22


 �2
þ4ðaðkÞ12 Þ

2

r

2 a
ðkÞ
ii li � sðaðkÞii Þ þ a

ðkÞ
ii ui � sð�aðkÞii Þ þ a

ðkÞ
12 li � sða

ðkÞ
12 Þ þ a

ðkÞ
12 ui � sð�a

ðkÞ
12 Þ


 �
þ b

ðkÞ
i

;

or
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kkP0 for all k 2 J0i and

max 0; max
k2Ji

a
ðkÞ
11 þ a

ðkÞ
22 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaðkÞ11 � a

ðkÞ
22 Þ

2 þ 4ðaðkÞ12 Þ
2

q

2 a
ðkÞ
ii ui � sðaðkÞii Þ þ a

ðkÞ
ii li � sð�aðkÞii Þ þ a

ðkÞ
12 ui � sða

ðkÞ
12 Þ þ a

ðkÞ
12 li � sð�a

ðkÞ
12 Þ


 �
þ b

ðkÞ
i

8<
:

9=
;

Omin
k2~Ji

a
ðkÞ
11 þ a

ðkÞ
22 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaðkÞ11 � a

ðkÞ
22 Þ

2 þ 4ðaðkÞ12 Þ
2

q

2 a
ðkÞ
ii ui � sðaðkÞii Þ þ a

ðkÞ
ii li � sð�aðkÞii Þ þ a

ðkÞ
12 ui � sða

ðkÞ
12 Þ þ a

ðkÞ
12 li � sð�a

ðkÞ
12 Þ


 �
þ b

ðkÞ
i

;

then the problem (48) must be a hidden convex programming problem.
In conclusion, for any of the three problems (43), (44) and (48), we can

determine if it is a hidden convex problem or not just by examining its
coefficients.

EXAMPLE 2:

min g0ðxÞ ¼ x21 þ
3

2
x22 � x1 � 7x2

s.t. g1ðxÞ ¼ �x21 þ x22 � 2x1 þ 3x2 � 5O0

g2ðxÞ ¼
1

2
x21 þ

3

2
x22 �

3

2
x1 � 2x2O0

1OxiO2; i ¼ 1; 2: ð49Þ
The following can be derived easily.

For i ¼ 1;

2a
ðkÞ
11 l1 � sða

ðkÞ
11 Þ þ 2a

ðkÞ
11 u1 � sð�a

ðkÞ
11 Þ þ b

ðkÞ
1 ¼

1 k ¼ 0

�6 k ¼ 1

� 1

2
k ¼ 2;

8>>><
>>>:

2a
ðkÞ
11 u1 � sða

ðkÞ
11 Þ þ 2a

ðkÞ
11 l1 � sð�a

ðkÞ
11 Þ þ b

ðkÞ
1 ¼

3 k ¼ 0

�4 k ¼ 1

1

2
k ¼ 2:

8>>><
>>>:

For i ¼ 2;

2a
ðkÞ
22 l2 � sða

ðkÞ
22 Þ þ 2a

ðkÞ
22 u2 � sð�a

ðkÞ
22 Þ þ b

ðkÞ
2 ¼

�4 k ¼ 0

5 k ¼ 1

1 k ¼ 2;

8><
>:

2a
ðkÞ
22 u2 � sða

ðkÞ
22 Þ þ 2a

ðkÞ
22 l2 � sð�a

ðkÞ
22 Þ þ b

ðkÞ
2 ¼

�1 k ¼ 0

7 k ¼ 1

4 k ¼ 2:

8><
>:
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It is easy to verify I1 ¼ f0g; ~I1 ¼ f1; 2g; I 01 ¼ ;; J1 ¼ f1g; ~J1 ¼ f0; 2g; J 0
1 ¼

;; I2 ¼ f1; 2g; ~I2 ¼ f0g; I02 ¼ ;; J2 ¼ f0g; ~J2 ¼ f1; 2g; J02 ¼ ;. Furthermore,
we have

min
1OiO2

akii ¼

1 k ¼ 0

�1 k ¼ 1

1

2
k ¼ 2:

8>><
>>:

For i ¼ 1, we have

min
k2~Ji

min
1OiO2

a
ðkÞ
ii

2a
ðkÞ
11 u1 � sða

ðkÞ
11 Þ þ 2a

ðkÞ
11 l1 � sð�a

ðkÞ
11 Þ þ b

ðkÞ
1

¼ min
1

3
;
1=2

1=2

� �
¼ 1

3
>

1

4
¼ max 0;

�1
�4

� �

¼ max 0; max
k2J1

min
1OiO2

a
ðkÞ
11

2a
ðkÞ
11 u1 � sða

ðkÞ
11 Þ þ 2a

ðkÞ
11 l1 � sð�a

ðkÞ
11 Þ þ b

ðkÞ
1

8<
:

9=
;:

Thus (46) holds. Also for i ¼ 2, we have

min 0; min
k2I2

min
1OiO2

a
ðkÞ
ii

2a
ðkÞ
22 l2 � sða

ðkÞ
22 Þ þ 2a

ðkÞ
22 u2 � sð�a

ðkÞ
22 Þ þ b

ðkÞ
2

8<
:

9=
;

¼ min 0;
�1
5
;
1=2

1

� �
¼ � 1

5
> � 1

4

¼ max
k2~I2

min
1OiO2

a
ðkÞ
ii

2a
ðkÞ
22 l2 � sða

ðkÞ
22 Þ þ 2a

ðkÞ
22 u2 � sð�a

ðkÞ
22 Þ þ b

ðkÞ
2

:

Thus (45) holds. The problem (49) is therefore a hidden strictly convex
programming problem. Its unique minimum x* ¼ (1.0402, 1.7268) is a glo-
bal minimal point with the global minimal value of f* ¼ )7.5731.

5. Epilogue

A hidden convex problem has an equivalent counterpart in a form of a
convex programming. This paper provides certain sufficient conditions to
identify hidden convex programming problems which consist a subclass of
nonconvex optimization problems. The results in this paper extend the
reach of convex programming to hidden convex programming, thus
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expanding significantly the problem domain whose local optimum is also
global at the same time.
Although no actual transformation is needed when checking the hidden

convexity of a problem, we should emphasize that numerical methods for
solving convex problems perform much better in general than numerical
methods for local minimization. Thus, trade-off exists between whether or
not performing an actual transformation when solving a hidden convex
problem.
An interesting research subject to explore is how likely a nonconvex min-

imization problem is hidden convex, or the percentage of hidden convex
problems in nonconvex optimization. To illustrate this point, we will
discuss in the following a one-dimensional quadratic optimization problem
with a single constraint.

min fðxÞ ¼ eox
2 þ axþ c

s.t. gðxÞ ¼ e1x
2 þ bxþ dO0

1O xO2; ð50Þ

where random parameters e o; e 1 2 f1;�1g, random parameters a; b 2 ½�l; l�
and l is a positive number. Assume that e0; e1; a and b are independent.
Assume further that both e0 and e 1 have the same probabilities of taking
either 1 or )1, while both a and b are uniformly distributed in [)l, l]. The
probability that the quadratic problem (50) is hidden convex will be inves-
tigated in the following.
Obviously, if both e0 and e1 are equal to one, the problem (50) is a con-

vex programming problem. Otherwise, it is not a convex programming
problem. Thus the probability that the problem (50) is a convex program-
ming problem is p1 ¼ 1=4.
Let ph denote the probability of a hidden convexity of the problem (50).

Notice that

f 0ðxÞ ¼ 2e0xþ a; f00 ¼ 2e0;

g0ðxÞ ¼ 2e1xþ b; g00 ¼ 2e1:

(Case i) When e0 ¼ 1; e1 ¼ �1, we have that

2þ aOf 0ðxÞ ¼ 2xþ aO4þ a

�4þ bOg0ðxÞ ¼ �2xþ bO� 2þ b

f 00 ¼ 2; g 00 ¼ �2:
It can be derived (see [9] for details) that in the case of e0 ¼ 1 and
e1 ¼ �1, the probability that the problem (50) is hidden convex is bounded
from below by
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p2 ¼ p12 þ p22 þ p32 þ p42

0 lO 1
ð2l� 2Þ2

8l 2
1 < lO 4

3l 2 � 6l� 6

4l 2
l > 4.

8>>><
>>>:

(Case ii) Similarly, in the case of e0 ¼ �1 and e1 ¼ 1, the probability
that the problem (50) is hidden convex is bounded from below by p3 which
has the same form as p2.

(Case iii) When e0 ¼ �1; e1 ¼ �1, we have that

� 4þ aOf 0ðxÞ ¼ �2xþ aO� 2þ a

� 4þ bOg 0ðxÞ ¼ �2xþ bO� 2þ b

f 00 ¼ �2; g 00 ¼ �2:
It can be derived (see [9] for details) that in the case of e0 ¼ �1 and
e1 ¼ �1, the probability that the problem (50) is hidden convex is bounded
from below by

p4 ¼ p14 þ p24 ¼

1 lO 2

l 2 þ 4lþ 4

4l2
2 < lO4

l 2 � 2lþ 10

2l2
l > 4.

8>>>><
>>>>:

Finally, the probability that the problem (50) is hidden convex is bounded
from below by

ph ¼ p1 þ
1

4
p2 þ

1

4
p3 þ

1

4
p4 ¼

1

4
þ 1

4
lO 1

1

4
þ 2l 2 � 2lþ 1

4l 2
1 < lO 2

1

4
þ 5l 2 � 4lþ 8

16l 2
2 < lO4

1

4
þ ðl� 1Þ2

2l 2
l > 4.

8>>>>>>>>>>><
>>>>>>>>>>>:

It is easy to check that phP 1
4þ 9

32 when l > 4 since ðl� 1Þ2=2l2 is increas-
ing when l > 4. Furthermore, we have that

lim
l!þ1

ph ¼
3

4
:

The outcome that 2/3 of the nonconvex problems are hidden convex in the
above example is surprisingly revealing! In the real world, there may exist
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many programming problems which are hidden convex but with a noncon-
vex representation. One important conclusion is that convexity/nonconvexity
is not an inherent property in many situations. Rather it is a character asso-
ciated with a given representation space. Study of the hidden convexity of a
programming problem, thus, is a very prominent research topic to pursue
further.
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